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^3 ' By use of Siegel's method and the classical results of homotopy groups of spheres 

, and Lie groups, we determine some Gottlieb groups of projective spaces or give 

the lower bounds of their orders. Furthermore, making use of the properties of 
f-H ' Whitehead products, we determine some Whitehead center groups of projective 

\ spaces. 
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Introduction 

> 

\^ I Let X be a connected and pointed space. The k-th Gottlieb group Gk{X) of X has been 

^ ■ defined in [11]. This is the subgroup of the ^-th homotopy group irtiX) containing all 

■ elements which can be represented by a map/ : S*^ — )• X such that/ Vidjf : S*^VX — >■ X 



extends (up to homotopy) to a map F : S'^ x X ^ X, where S*^ is the ^-sphere. 
^ I Throughout the paper we do not distinguish between a map and its homotopy class. 

For k > I, define the k-th Whitehead center group or P-group Pk{X) C ttu{X) of 
elements a G vr^CZ) such that the Whitehead product [a, /3] = for all /? € vr/(X) and 
/ > 1. Then, Gk{X) C P^{X) for all A: > 1 [11]. Furthermore, if X is a Hopf space, 



■ Gk{X) = Pk(X) = TTkiX) for all A: > 1 . 



Let Ln be the generator of 7r„(S") represented by the identity map of S". Given 
a e 7r^(S"), a € Gk{E>") if and only if [a, t„] = 0. We note that Gk{S") = Pk{S") [9], 
[47]. 

Let M and C be the fields of reals and complex numbers, respectively and EI the skew 
M-algebra of quaternions. Denote by ¥P" for the n-projective space over F. Put 
d = dimnjF, write ik,n,¥P '■ ^P'^ ^P" for k < n the inclusion map and write simply 

iF = ii,n,Fp:S'' ^¥P'\ 

The purpose of this note is to determine some Gottlieb and P -groups of ¥P" . Our idea 
is based on Lang's result ?i!7r2„+i(C/"') C G2,j+i(C/'") [22], Barratt-James-Stein's 
result about the Whitehead products [— , if] [3]. 
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The method is to use Siegel's result [43], fibrations with §'^("+i) i , FP" as base spaces 
and the results on the homotopy groups of spheres [28], [32], [31], [45], [46], the 
classical groups [21], [25], [26], [27], [29], [30], [33], [34], [35], [36]. 

For example, G^_|_„(]RP") is partly determined and Pk+n(^-P") completely determined 
for n > 2 and k <1 . 

We set 

P[(FP") = Pu{¥P") n (7„*vr,(S''<"+>)-')) 

and 

Notice that P['(FP") = if (i = 1, 2 and A: > J + 1 . We determine the fact that 
P4„+3+^(IHP") = P;„+3+,(]H[P«) e P'U.+tiBLP") and the group P',„^,^,{mP") for 

< A: < 10. 

Some particular- cases of our results about the Gottlieb groups of FP" overlap with 
those of [23] and [41]. 

1 Whitehead center groups of projective spaces 

Let EX be the suspension of a space X and denote by E : iTkiX) -Kt+iiEX) the 
suspension homomorphism. Write ri2 G 7r3(S^), U4 G vr7(S^) and ag G 7ri5(S*^) for 
the appropriate Hopf maps, respectively. We set rj,, = E"~^ri2 G 7r„+i(S") for « > 2, 
z/„ = £"-^1/4 e 7r„+3(S") for n > 4 and an = E"~^ag G 7r„+7(§") for « > 8. Note 
that Un for n > 5 and a,, for « > 9 stand for generators of 7r„+3(S") = Z24 and 
7r„+7(S") = Z240, respectively. By abuse of notaion, these ai^e also used to represent 
generators of the 2 -primary components ttH^t^ = and t^^+i — ^i6» respectively. 

Denote by 7,, = 7„,f : S("+')^-i FP" the quotient map and by <?„ = g„,F : FP" 
S''" the map pinching FP"~^ to the base point. Then, as it is well known, 

r (1 -(-i)"K, if F = M, 

(1.1) qnjn = I nr]2n, if F = C, 

[ ±nv4n, if F = H. 

Let A = Afp : -Kui^P") 7r^_i(S''~') be the connecting map. By [3], 

AiiY^E) = id^^_j(§rf-i) 
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and 



7r,(FP") = 7„,7r,(S' 



) e iw^ETTk.iiS'^-^). 



By [14, Theorem (2.1)], 

(1.2) [^o a, 770/3] = Oif [e,r?] = 0(e G 7r,„(X),7? G ^„(X),a G vr^^S'"),/? G 7r,(§")). 

According to [47], a map / : X — )• F is cjcZ/c if / V idy : X V F — > F extends to 
F : X X F — > F. The extension F is called the associated map with/ [22]. We recall 
from [43, Lemma 2.1] and [47, Lemma 1.3]: 

Lemma 1.1 (Siegel-Varadarajan) Let/ : X — > F be cyclic. Then, the composite 
f o g -.W ^ Y is cycUc for any map g : W ^ X. 

The following is obtained from (1.2) and Lemma 1.1: 

Lemma 1.2 P„(X) o 7Tt{S") C P^iX) and G„(X) o 7r^(S") C Gk{X). 

By (1.2), [2, Corollary(7.4)] and [3, (4.1-3)], we obtain a key formula determining the 
Whitehead center groups of FP" . 



Lemma 1.3 Let hoa G 7rA:(S^*'+^^"^) be the 0-th Hopf-Hilton invariant for a G 



(3) [7„a, im] = ±(?^ + l)7n(i^4«+3 ° E^a + [/,4„+3, z^4„+3] o E^hoa). 

Hereafter, we use the results and notations of [45] freely. Let u' and ai(3) be the 
generators of the 2-primary vr^ and 3-primai7 7r6(S^; 3) components of 7r6(S^) = Z12, 
respectively. Set io = u' + qi(3) and ai(«) = E"~^ai{3) for n > 3. We use the 
relations 

(1.3) [i4, i4] = 2l^4 — Euj 

and E"~^ul} = 2i/„ for « > 5. 




0, if n is odd, 

(-1/7/i(-2q + [in, tn] o hoa), ifniseven; 
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We write 

' 0{n), for F = M; 

0^{n) = \ U{n), for F = C; 

^ Spin), for F = EI, 

where 0{n), U(n) and Sp{n) denote the Lie groups of the orthogonal, unitary and 
symplectic n x n matrices, respectively. Furthermore, we set 

' SO(n), for F = M; 
SOwin) = I SU{n), for F = C; 

, Spin), for F = IH. 

Denote by /„ = in,w '■ SOw(n — 1) ^ SOf{n) and /?„ = /?„ f : SOw(n) the 
inclusion and projection maps, respectively. Then, we consider the exact sequence 
induced from the fibration SOwin + 1) ^'^^ s^(«+i)-i . 

(STl) ^^,+i(S*'+i)-i)^7r,(50F(«))^vr,(50F(« + 1))^ • ■ ■ , 

where / = /„+i,f and p = Pn+i,¥- 

Denote by r : U{n) ^ S0{2n), c : Sp{n) SU{2n) the canonical map. Let / = 
7r : 7Tk{S0{n)) — > 7r,t+«(S") be the 7-homomorphism, 7f : '^kiSO^in)) — )• -Kk+dni^^") 
the complex or symplectic 7-homomorphism defined as follows: 7c = J o r^, : 
-KkiSUQi)) 7ri.+2«(S^") and 7h = 7 o o c^, : TTk(Sp{n)) -> 7r<:+4„(S'*"). Then, we 
see that 

(1.4) E'^-^ o 7f o Af = 7 o A for A = Ar. 

Let u}n,R e 7r„_i(0(«)), w„,c £ T^2n{U{n)) and a;„,H S -KAn+iiSpin)) be the characteris- 
tic elements for appropriate bundles. We note that wi^e = w is the Blakeres-Massey's 
element, a;„,M = A(i„), t^„,c = Ac(i2,i+i) and tj„,H = AnCMn+a)- 

As it is well-known, 

(1-5) hn+\,M.ri^n,C = W2,j+1,R and iln+l^CCLOn^R = i^In+l.C- 

If Aa = for a G 7r<,(S"), then there exists a hft [a] e TTk{SO{n + 1)) of a. For the 
inclusion 

im,n = «m,n,R = i«,R o • • • o : SO{m) ^ SO{n) {m<n- 1), 

we set [a]„ = /m,n^[a] G vr<.(5'0(?i)), where [a] G Trk{SO{m)) isaliftof a G 7r<;(§"'~^). 
Notice that tt3{SO{4)) = {[7?2]4, [is]} = and any element of 7r^(50(4)) ^ 7r^(50(3))C 
TTjtCS^) is uniquely represented by two elements of TTk{S^) : 

M4a + U3]/3 for q,/3g^^(S3). 
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Notice that we can take JUs] = 1^4 and J[r]2] = uj- 

Define the subgroups of 7rj;(S'^^"+^^~^) and 7r^;_i(S'^~') as follows: 

4„i(S''-') = 4_i^„(S^-i) = {/3 e TTk.iiE''-') I [/f£/3,/f] = 0}, 
L'l_i{S"-') = L^i,,(S''-i) = {(3e 7r,_i(S^-') | [iwEp,j„] = 0} 

and 

We also define the subgroup QkiSi^) of 7r^.(S^) by 

Qk(S') = {f3 e TTkiS') j (i3,/3) =0}, 
where (— , — ) stands for the Samelson product. 

For an abelian group G, wedenoteby iG;p) its /^-component. For example, (TTk(§'"y,p) = 
We write 

'Lfzl =4„i(S^-i;2), X-! =4'-i(§'~^2), L^Zji =L,_i(S''-i;2), 
Write (— , — ) for the greatest common divisor. 

Example 1.4 M4„+3,h(§'"+') = (243fc)^4„+3(S^"+'); = (ji^^^aCS') for 

«> 1; G3(S^) = 127r3(S3). 

We show the following, in which (6) was suggested by K. Morisugi: 

Lemma 1.5 (1) MkiS''^"+^^-^) o 7r„,(§'^) ^ M,„(S'^("+i)-i), 
Ll.iCS'^-i) o 7r,„_i(S'=-i) C L;„_i(S^-1), 

(2) = £~^"~'(Ker (n + l)i/4„+3 J, where 

i/4„+3^ : 7r<;+4„-|_2(S^"'''^) — 7> 7r^+4„+2(S^""'~^) is the induced tiomomoqjtiism. In partic- 
ular, L[_i „(§^) ^ L;'_i „(§3) for n odd; 

(3) a_i(S3) ^ L[_i ,,(§3) for « > 2; 
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(4) Letn>2. Then, L[_i(S3; 3) c L'l^^(§^;3) and 

= L['_j(§3;p) = TTk^i{S^;p) for an odd prime p>5; 

(5) iB.Pki^^) C m,EQk-iiS^); Moreover, 

im^Pki^^) = im*EQt^i{8^) provided that 2E^Qk-iiS^) = 0; 

(6) L['_i,„(S^) = vr^-i(§^) for n > I if 5 < k < 4n + 2. 

Proof. Since (^3, /3 o 6) = (^3, /3) o E^6 [18, (6.3)], the last of (1) follows. The rest of 
(1) is a direct consequence of (1.2). 

By the properties of Whitehead products [48] and Lemma 1.3(3), 

{-lfyiMEf3,j„] = hn,imE/3] = [7^, /e] o = ±{n + l)7„z.4«+3£^"+^/3. 

This leads to the first of (2). If [E/3, L4] = 0, then [£/3, 1/4] = (1.2). This leads to the 
second of (2) for n = I. Since /e o 1/4 = for ?i > 2 and [E/3, z.4] = {2v4 — Euj)oE'^/3, 
the relation iu[Ef3, 14] = implies iME{uE^(3) = 0, and so ujE^P = 0. Hence, 



and {n + l)i/4„4.3£"*"+^/3 = for odd n >3. This leads to the second of (2) for n >2. 
Since {13, /3) = {l^, l^) o E^I3 = ujE^P, we obtain (3). 

(A) for /? G 7rA:_i(§3; 3) imphes p G ^i'_i(§^; 3) and the first half of (4). The second 
half is a direct consequence of the definition of L[_i(S''~i) and L['_i(S'^-i). 



7ri,{S'^) = E7rk_i(8^)(B 1^4,7^,(8'). 

Suppose that /3 = + U4f32 G P^(S'*) for /3i G vrA:„i(S^) and /32 G 7r^.(S'^). Then, 
by the relation /h/3 = /h£'/3i , we obtain 

= /H[i4,^] = imh4,El3i] = {iuE){u}E^P\). 

This implies the inclusion P/t(S^) Q EQk-\{§^) z/4*7rj.(S^) and leads to the first half 
of (5). On the other hand, for /3 G Qk-ii^^), we obtain [m,^/?] = 2i/4£"^/3 = by the 
assumption. This means £'2j._i(§^) C Pki§'^) and leads to the second half of (5). 

We have i^4n+3E'^"+^ (3 = /([t3]4„+3/3). By the fact that 7r;t-i(§^) is finite for A: / 4 
and 



(A) 



2j^4;!+3 



/3 = 



We recall 




if A: < 4« + 2 [6], we have (6) for ;t ^ 1, 2 (mod 8). 
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Assume that i/4„+3£'*"+3/3 / for A: = 1 (mod 8). Then, in view of [21, Lemma 
2], we have z.4„+3£^"+^/3 = /([63]4„+3/3) = Ji6'r]k-2), where 6' G ^^_2(50(4« + 3)) 
is a generator. Since 7 : 7r)t_i(5'C?(4« + 3)) ^ 7r^;+4„_(_2(§^""''^) is a monomorphism, 
we obtain d'r]k-2 = [i3]4n+3/5- By [7, Theorem 1.1], S't^k-i has the 50(6) -of-origin. 
This is a contradiction and leads to (6) for ^ = 1 (mod 8). 

By the parallel argument, we have the assertion for k = 2 (mod 8) This leads to (6) 
and completes the proof. 

Another proof of Lemma 1.5(6). To consider k = \,2 (mod 8) , write (according to 
Adams' notations [1]) jr for the image of the generator in -Ki-iSO) under J : TTr{SO) — > 
irf . First, assume that z^4,j+3£"*""'"^/3 7^ for ^ = 1 (mod 8). Then, in view of [21, 
Lemma 2], we have U4n^jE^"~^^P = i'E°°(3 = jk-iV and jk-i'if generates the J- 
image of -KkiSO) = iTkiSOiAn + 3)) = Z2 . On the other hand, by [45, Proposition 3.1], 
/3 A ?72 = E^{j3rik-\) = rjsE^f]. This and the relation urj = imply a contradictory 
relation 7j;„2??^ = i'E°°(f3r]) = vqE'^fS = 0. 

Now, assume that i/4„+3£'^"+^/3 / for 5 < A: < 4« with k = 2 (mod 8). Then, 
by [21, Lemma 2], i/4„+3£''^"+3/3 = z^£°°/3 = vE^^/] = jk-i. By the relation ([45, 
Proposition 3.1]) 

(1.6) 1/4 A /3 = Z/y^'/? = iE^l3>k+3 , 

we get for the stable Toda bracket 

< jk-i , V, 2i >=< uE°^p, 7], 2l >=< {E°^p)v, 7?, 2i > 

D {E°°I3) < V, r],2t >= (mod 27rf_i). 

On the other hand, by [1, Corollary 1 1.7] and [24, Theorem B. v)], we deduce that 7rf_j 
contains the direct summand Zg which is generated by < jk- 1 j'3 , 24/. > . (We point out 
that [24, Theorem B. v)] has a misprint. It should be e{pj) = 2~p^"> (mod 2~p^'>~^).) 

Because, ji = t], I2/3 = if and =jk~3 o 77^, we derive 

<A-3j3,24t >C<;^_3, 12;3,2i > = <jk-3,r]^,2i >D<;i._i,77,2i > . 

Thus, 

<7/t-3,j3,24i >=<jk-i,r],2L > (mod27r^,+3). 
This is a contradiction with the above which leads to the assertion. 



Now, we show: 
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Proposition 1.6 P[(FP") = 7„*(P^(S''("+')~') nM4(§'^("+i)-i)) and 
P['(FP«) = /f*(£Z.,_i(S^"1)). 

Proof. For an element a € iTki^'^''"^^^^^), it holds that [7„a,7,j] = if and only if 
[a, id(n+V)-\} = 0. This leads to the first half. 

Next, for an element /3 G 7r^_i(S^'-^), it holds that i^EP G P"(FP") if and only if 
(5 G Lj:_i(S''~^). This leads to the second half and completes the proof. 

We recall the order of [i«,a] for a = in,rjn,rj^,Eijj (n = 4),iyn,i'n,Ea' {n = 8) and 
fT„ [9]. 



1, if n = 1,3,7, 
(1.7) tt[in,'-«] = 2, if « is odd and 1,3,7, 

oo, if n is even; 



(1.8) Uhr,Vn] 



1, if « = 3 (mod 4), n = lorn = 6, 

2, if otherwise; 



n Q\ «r 2n / 1, if «= 2, 3 (mod 4), 

^^■^^ ttU.,^J = | 2, if otherwise; 



(1.10) H[M,£u;]=6; 



(1.11) tJU«,i'«] 



1, 


if n 


2, 


if n 


12, 


if n 


24, 


if n 



(1.12) ]^[Ln, f,?] = 1 if and only if n = 4, 5, 7 (mod 8) or « = 2' - 5 for / > 4; 



(1.13) 



^[i8,Ea'] = 60; 
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(1.14) ^[i,„an] 



1, if« = ll,n=15 (mod 16), 

2, ifn = 1 (mod 2) > 9, n / 11, n ^ 15 (mod 16) 
120, ifn = 8, 

240, ifn = 0(mod2) > 10. 



We show: 



Lemma 1.7 (1) Mi.(§^(2«+2)-i) ^ ^^(grf(2n+2)-i) f = M, C; 

(2) (i) £7ri_i(S2«-i) nKer 2/,2„* C M^,k(S2«), wiiere 2t2„* : vri(S2") ^ vr;t(S^") is the 
induced homomorphism; M,t,R(S^") = Ker 2i2,i* if k < 4n — 2; 

(ii) £^A_i(S'")n£-kKerr/4„+u) C Mk,c(^^"+'), where r^^n+u ■ ^ 
7r;t+i(S^"+') ; Ma,c(S^"+') = £-kKei-7?4„+u) if ^ < Sn; 

(iii) £^^_i(S4"+2) n £-3(Ker (« + l)i/4«+3 J ^ M^,h(S'"+'), where 1/4^+3* : 
7ri+3(S^"+'') ^ vr;t+3(S^"+'); M;t,H(§^"+^) = £-^(Ker (n + l)z^4n+3 J if ^ < 8« + 4. 
In particular, Mk^mi^'^"^^) = TTkiS"^"^^) ifn+\=0 (mod 24); 

(iv) £7r^_i(S^"+2) n E~\Ker {In + l)i/8„+3 J ^ M^,h(S^"+^); 
Mi,H(S^"+^) = £--\Ker (2?i + 1)j^8„+3 J if A: < 16n + 4; 

(V) M^,h(S^"+') = £-'(Ker 2{n + l)z^8„+7 J; 

(3) U2„,^2„] GM4„_l,R(S2"),• 
(4) M^,k(S2) = ^^(S2) except k = 2and M2,r{^^) = 0; 

(5) Pk+2n{S'-") C Mi.+2„,R(S2") if ^ < 2n - 2; 

(6) (i) Pk{S^"+^;p) = Mk,m{S'^"^^;p) = TTk{S^"+^ ; p) for an odd prime p>5; 
(ii) M^.,h(S^"+^;3) = 7r;t(§^"+3;3) ifn = 1 (mod 3). 

(7) W'U,'+3 = <^ <1„+3, if ^=1,2,4,5,7,8,9,10; 



Proof. (1) is a direct consequence of Lemma 1.3(1);(2). 

By Lemma 1.3(1), Ea € Mk^R{S^") if and only if 2Ea = 2i2,j ° Ea = 0. This leads 
to the first half of (2)-(i). The second half is obtained from the Freudenthal suspension 
theorem. By Lemma 1.3(2), Ea G Mk,c(^^"^^) if and only if r/4„+i£2a = for 
a G 7r^.__i (§"*"). This leads to (2)-(ii). 




ifk = 3,6. 
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By Lemma 1.3(3), Ea e M^t.nCS"^""^^) if and only if {n + \)v^„+^E'^a = 0. This leads 
to (2)-(iii). By the parallel argument, we have (2)-(iv). By Lemma 1.3(3) and the 
relation [tsn+T, 2^80+7] = (1.11), we obtain (2)-(v). 

(3) is a direct consequence of [13, Proposition 2]. 

By Lemma 1.3(1), [72,*] = —272 and [727/2,*] = 0. This implies M2,ik(S^) = 
and r/2 G M^^^.i^'^). By Lemma 1.5(1), ■Kki^'^) = % o 7r^(S3) c Mk;^0^). This leads 
to (4). 

Suppose that Ea £ P2«+A:(S^")- Then, = [i2«,£'a] = h2n,t'2n] o E^"a. By the 
fact that H[i2n,i^2n] = i2t4„_i for the Hopf homomorphism H : 7r4„_i(S^") 
Mn-ii^'^"''^), we have = H[L2n, L2n] ° E^"a = 2E^"a. Since E^"''^ : TTk+ini^^") -> 
7r<:_|_4„_i(S^"~^) is an isomorphism, we obtain 2Ea = 0. Hence, (2)-(i) leads to (5). 

Since s[Lgn+3,a] = for 5 = 2,p and tai{Sn + 3)E^a = for ? = 3, p. This 
leads to (6)-(i). The assumption on n implies 2n + 1 =0 (mod 3). We have 
M[i8«+3, ^'8«+3] ° E^hoia) = for M = 2, 3. This leads to (6)-(ii). 

Next, we show (7). By Lemma 1.3(3), we get that a € if and only if 

f8„+3£'^a = 0. Hence, Mg"+3 = Stt^H'^I and in view of the relation i/6f?9 = [45, 
(5.9)], wegetthatM,^!;+^^3 = <+^+3 for ^= 1,2. 

Because irfj+l = {u^n+s} and fiu^^^ = 2, we derive that mI"^+1 = IttI^^H 
Trivially, M,^;,'+,3=M,^,';+33 = 0. 

Since = 2 and ^ |^2^^^^|^ ^ave Mfj+l = ^^^tl = 0- 



Because vt^^^jq = {crsn+3}, in view of the relation uwoi^ = [45, (7.20)], we deduce 

fl^Sn+S _ „8n+3 
■"^8n+10 ~ ^8«+10- 

In virtue of the relation [45, (7.17) and (7.18)] 



(1.15) ^6^9 = = ['-e, 



we obtain v^e^ = i^ino = 0. So we get M^'^lXli = Trivially, MZX\^ = 

" 8n+12- 

Finally, [45, (5.9)] leads to Mg"+i3 = vrg"+j3 and the proof is completed. 

By Lemma 1.7 and the fact that rf^ = I21/5, r/jfg = 0, 7r„+6(S") = {i/^} = Z2 for 
« > 5 , we obtain: 

Example 1.8 M7,c(S^) = 0,Mi2,c(S^) = vri2(S^) and M4„+6,e(S'*"+^) = (2irT)^4.+6(S^"+^)- 
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Here, we show the following result in the abelian groups. 

Lemma 1.9 Let G be a group with G = G\ ® Gj and write pk : G ^ Gk for the 
projections with k = 1,2. If H is a subgroup of G such that 

(b) pk{H)<H fork = 1,2 
then H = Gir\HeG2nH. 

Proof. Because p\{H) < Gi and P2{H) < G2, we have H = p\{H) © piQl). Hence, 
by the assumotion pk{H) < H for k = 1,2, pi{H) < HDGi and piiH) < // n G2. 
Certainly, HnGi < pi{H) and HnG2 < PiiH). Consequently, H = HnGi®HnG2. 

As it is well known, 

(1.16) J{Aa) = ±[i„, a], where a G vr^tCS"). 

For a subgroup M C 7Tk{8"), we set [i„,M] = 7(AM). Let P : 7r^.+2(§2"+^) 7r^(S") 
be the P homomorphism in the EHP sequence defined as the notation "A" [45]. Then, 
by [2, Corollary (7.4)] and [45, Proposition 2.5], 

[.„,<] =P(£"+VD. 

Consider the homomorphisms [— ,/f] : T^kC^P") ''^k+d-ii^P") and [— ,7„] : 
7r;t(FP") iTk+d(n+i)-2{^P") ■ By the additivity of the Whitehead products [48] 
and (1.2), we obtain 

Pk{¥P") = Ker [-, if] D Ker [-, 7,,]. 

Then, we show: 

Lemma 1.10 Let n >2. Then: 

(1) Ker [-,/f] = 7n,Mt{S^^"+'^-') © iw, EL[_, ; 

(2) For¥ = R,C andk>d+ I: 

(i) Ker[-,if]=j„,Mt{S''^"+'^~'); 

(ii) Ker [-,7„] = 7„,P;t(S'«"+l)-l),• 
(3)ForF=IH.• 
(i) (Ker [-,7„];p) = 7«*7r/:(S'^"+^;p) © iM^EL'i^^^{§^ ; p) for an odd prime p; 
(ii) (Ker [-,7«];2) = j„,Pk{S^"+^;2) /h*£L^_i(S-'; 2) provided that 
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Proof. (1) follows from Lemma 1.3 and the relation 

= [7,, a + kEP, /f] = [7,, a, /f] + {ifEji, /p]. 
In the quatemionic case, this is equivalent the following two formulas: 

(1.17) {n + \)(ya,n+3E^a + [i4«+3, i^4«+3] o E^ho{a)) = 
and 

(1.18) v'E^P = 0. 

By the assumption of (2), 7r^;_i(S'^'~') = 0. (2)-(i) follows from (1). (2)-(ii) is obtained 
by the fact that [a, Lcj(n+i)-i] = if and only if [7„a, 7,,] = 0. 

For an element 7„a + iuEP G Ker [—,7,1] , we see that 

= hnCt + imE/3, 7„] = 7„[a, Mn+s] + UmE(3, 7„] 

= 7„([a, M„+3] ± (n + \)v,n+^E'"+^ P). 

That is, 

(1.19) [a, M„+3] = ±(« + l)i^4„+3£^"+^/3. 

Since [t4„+3, vr^(S'*"+^;p)] = and P^(§4«+3;p) = ^^(■g4«+3.p) f^j. ^^^^ 
p, (3)-(i) follows. The assumption (*) in (3)-(ii) imphes a G Pa.(S'*"+^ ; 2) and 
p e 4'„i(S^'';2). This leads to (3)-(ii). 

Notice that the condition (*) in (3)-(ii) implies the assumption (b) of Lemma 1.9. 
Now, we obtain: 

Propositionl.il (l)LetF = M.,Candk> d+\. Then, Pk{¥P") = 7„^(P;t(S'^("+i^->)n 
^^(grf(n+i)-i)) for n > 2. In particular, Pk(¥P^"+'^) = 72„+uPa(S''^^"+^^"^) for 
n>\; 

(2) P2(]RP2) = 0, P^(MP2) = 7r^(MP^) for k > 3 and 
Pk+2n{^P^") = lin.Pk+m^'") ifk <2n-2; 

(3) Pi+4„+i(Cp2") = 72„,(P;t+4„+i(§^"+') n £-i(Ker V4n+u)), if 
k<4n- I. 

Proof. By Lemmas 1.10(2) and 1.7(1), we obtain (1). 

By (1), Lemma 1.7(1);(4);(5) and the fact that Pk(S^) = -Kki^^) for ;t > 3, we obtain 
(2). By (1) and Lemma 1.7(2)-(ii), we obtain (3). This completes the proof. 

In particular-, we derive that Pk{CP^) = TTk(CP^) for all > 1 [22]. 

In the quaternionic case, we obtain: 
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Proposition 1.12 (1) P^(]H[p2"+i) = 72„+u(P^(S^"+^) n M^(§S"+')) 
®ia*EQt^i{S'). In particular, P,(]Hp2«+i) = 72„+i,P,(S«"+^) iM.EQi,_,(§^) , if 
n + 1 = O(mod 12); 

{2){i)Pk{UP^";3) = 72„*M^.(S^"+^;3)e/H*£a-i(S^;3). Inparticular, Pk{MP^";3) = 
72„*^^(S"'+^;3) /H*£e^-i(S';3) if n = 1 (mod 3); 

(ii) Pk{MP^";p) = 72„*^^(S^"+^;p) e im*E7rk^i{S^;p) for an odd prime p>5; 

(iii) P^(MP2";2) = jn.iPl'"^^ nMf'+3) © /h*£Z.3_j provided that 

{^) [i8„+3,Mf +3] n o E'"+''lU = 0; 

(3) P;t(H[P") = /e*£eA._i(§^) forS <k<4n + 2 andn>2. 

Proof. (1) is a direct consequence of Lemmas 1.5(2), 1.10(1);(3), 1.7(2)-(iii) and the 
fact that 

Ker ([-, 7„] |Ker [~,/f]) = Ker [-, /f] n Ker [-, 7„]. 

Let n be even. Then, Lemmas 1.5(4) and 1.10(3)-(i) lead to the first half of (2)-(i). The 
second half follows from Lemma 1.7(6)-(ii). Lemmas 1.5(4), 1.7(6)-(i) and 1.10(4)-(i) 
imply (2)-(ii). By Lemma 1.10(l);(3)-(ii), we have (2)-(iii). By Lemmas 1.10(1);(3) 
and 1.5(3);(6), we obtain (3). This completes the proof. 

Corollary 1.13 Let n be even. Suppose that a € tt^"^^, /? G vr|_i satisfy (1.17), 
(1.18) and (1.19). 

(1) Let Ea' £ Mf"'^^ , that is, a' G 7rf"|^ be an element satisfying (n + l)u4„+3E^a' = 
0. If [a,Ea'] ^ 0, then, -fna + i^Ep Pk{W); 

(2) Suppose that cyclic group generated by a with [a,Ea'] / 0. Then, the 
condition (Q?) in Proposition 1.12(2)-(iii) holds. 

Proof. By (1.17), (1.19) and (1.6), 

[a,Ea'] = [a, Hn+^j o E'^a' = ±(n + 1){E^" P) o E''-\iy4n+3E^a') = 0. 
This completes the proof. 
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2 Whitehead center groups of real and complex projective 
spaces 

In this section, we determine some P-groups of real and complex projective spaces. 
By Lemma 1.3 and the fact that tt[/F, if] = 1 for F = M, C, we have that Pi(Mf ") = 
i±^^i^^7ri(MP") and P^SCP") = 2±t^^2(CP"). 

Now, we show: 

Theorem 2.1 The equality Pu+ni^P") = ln*Pn+ki^") holds if k < 1 except the 
pairs: (fc, «) = (4,4), (5,4), (6,4). 

Furthermore, P^iW^) = {74 (Sz^')???} = ^2, P^iWP^) = {-i^{Ev')rfj} ^ Z2 and 
Pio(MP^) = {3741^1, 74(z^4 - ai(4))ai(7)} ^ Z24. 

Proof. For odd n, the equality holds by Proposition 1.11(1). For « = 2 or the 
stable case, the equality holds by Proposition 1.11(2). So, it suffices to prove the pairs 
(k, n) = (3,4), (4, 4), (5, 4), (5, 6), (6, 4), (6, 6), (7,4), (7, 6) and (7,8). 

First, we calculate P-jiW^^). By Lemma 1.3(1) and (1.3), we obtain 

(2.1) [741/4,/iK] = 74£'ii^. 

By Lemma 1.7(3), [^,^4] G M-]{E>'^). In virtue of Lemma 1.3(1), [74£'a;,/iR] = 
— 274£'a;. So, M7(§^) = {12z>4, [(,4, i4], 6£'a;} = ^7(8^) [9] and hence. Proposition 
1.11(1) leads to the equality Pi(RP^) = 74^^7(8^). By the parallel argument, we 
obtain Pi5(Mp8) = 78*Pi5(S')- 

Next, we determine P,t(IRP'*) for it = 8, 9, 10. We recall Pk{^'^) = ■Kki^'^) for %<k< 
10 [9]. By Lemma 1.7(2)-(i) and (2.1), {Ev')r]i G M^{^'^) and 

[74Z^4??7,'ir] = j4iEl^')r]7 / 0. 

This yields Ms{8^) = {{Eu')'m} ^ Z2. So, by Proposition 1.11(1), P8(MP'^) = 
{'y4{Eu')r]j} = Z2. By the parallel argument, we get the group PgiRP'^). We recall 
7rio(§'*) = ai(4)ai(7)} ^ Z24 © Z3. By Lemma 1.3(1) and (2.1), 

[741^401(7),*] = 74ai(4)ai(7) = [74ai(4)ai(7), /k]. 

By (3.4) and (2.1), we obtain [741^1, ir] = 74ai(4)ai(7). This implies Ker[— , /jr] = 
74 o {(z/4 — Q;i(4))ai(7), 31^1}, and hence, by Proposition 1.11(1), we obtain the group 
Pio(]RP^). 
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By Lemma 1.7(3), Mii(S'') = 7rii(S^). So, by Proposition 1.11(1), we obtain 
Pii(]Rp6) = Te^PiKS") = 37r„(]Rp6) [9]. 

We show the case (6,6). Recall 7ri2(S^) = {i^^} = Z2. By Lemma 1.7(2)-(i), 
MniS)^) = '/ri2(§^). Hence, the assertion follows from Proposition 1.11(1). 

Finally, recall Pi3(S'') = [9]. This implies the case (7, 6) and completes the proof. 

Next, we show: 



Theorem 2.2 Let « > 2. Then, Pk+m+iiCP") = 7„*P,t+2«+i(S^"+^) for0<k<7 
except {k,n) = (2,2) and PjiCP^) = 0, that is: 



(1) Pm+iiCP") 



7r2„+i(CP«), ifn = 3, 
27r2„+i(CP"), ifny^3; 



(2) Let k= 1,2. Then, Pu+2n+\{CP") 

(3) Pln+AiCP^) = 



0, if n is even, 

TTk+in+iiCP"), if n is odd; 



7r2„+4(CP"), if n = 3 (mod 4) or n = 2' - 2 > 2, 
27r2«+4(CP"), if otherwise; 



(4) Let A: = 4, 5. Then, Pu+m+iiCP") 

(5) Pin+iiCP") -- 



0, ifn > 3, 

TTt+2n+liCP"), ifn = 2; 



7r2„+7(CP"), if n = 2,3 (mod 4) or n = 2' - 3 > 5, 
0, if otherwise; 



(6) Pln+dCP") 



7r2„+8(CP"), if n = 2,3,5 or n = 7 (mod 8), 
2vr2„+8(CP"), if otherwise. 



Proof. Notice that, in Proposition 1.11(3), we have 

r 2^i+4n+i(S^"+'), if ^ = 0,7, 
E-\Kcrr]4n+iJ= I 0, ifA:= 1,2, 

[ 7r,+4„+i(§4"+i), if3<^<6. 

By Lemma 1.7(2)-(ii) and the relation 775^6 = 0, we obtain M<;+5 c(S^) = 7r^+5(S^) for 
3 < < 6. Moreover, by the fact that r)4a"' = [45, (7.4)] and [tj, r/5]o£/io(o-"') = 0, 
we obtain Mi2,c(S^) = 7ri2(S^). The assertion is obtained by these results. Proposition 
1.11(1);(2), (1.7)-(1.14) and the fact that Us, a'"] = [i7,a'] = (see the group 
Gi+2„+i(S2"+i) for ^ < 7 [9]). 
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3 Whitehead center groups of quaternionic projective spaces 

By Lemma 1.3 and the fact that ji[/e, /h] = 12 and tl[/e, 7„] = (24^f+i) ' we have that 
P4(MP") = [[12, (24^f+i) ]]7r4(]HIP") for « > 2, where [[-,-]] is the least common 
multiple. 

To state the main result, some preceding discussion is needed. Let p be an odd prime. 
For a generator a,„,pi2r + 1) of a p-primary component '7Tk+2r+i{^^''^^',p), we set 

a,n,p{n) = E"~^'--^anr,p{2r + 1) for « > 2r + 1. 

There exist the elements a;^p(3) G T:2i(p-\)+2{^^',p) with / > 1 [45, Lemmal3.5]. 
Write a,-,3(3) = a,(3) simply. Notice that ai(3) generates 7r4,+2(S'^; 3) = Z3 for 
1 < / < 5. Recall that a,+i,p(3) G {a;,p(3),/7i2!(p-i)+2, ai,p(2/(p - 1) + 2)}i (Toda 
bracket), vrgCS^) = {ai(3)ai(6)} 

^ Z3, 7rio(S3) = {a2(3),ai,5(3)} ^ Z15, vriaCS^) = {e', r?3/i4, ai(3)a2(6)} ^ Z12 
^2, vri4(S3) = {//',e3i^ii,z^'e6,a3(3),ai,7(3)} ^ ^84 0(^2)2 and, by [45, Proposition 
13.6, (13.7)], 

f 3 if « = 3 4- 

(3.1) tt(ai(«)ai(n + 3))= ' .„ ^ ' ' 

[1, if « > 5. 

Recall that there exists the element 

A(5) € {ai(5),ai(8),ai(ll)}i C vri5(S';3) ^ Zg. 

We set /3i(«) = £""-5/31(5) for n > 5. By use of [45, Lemma 13.8, Theorem 13.9] and 
the isomorphism E : 7ri5(S5) — )• 7ri6(§^), 

(3.2) 3/3i(5) = -ai(5)a2(8), tt/3i(6) = 9 and tt/3i(?i) = 3 for n > 7. 

By [45, (13.11), Theorem 13.9], 7r2,„+i2(S2'"+'; 3) = {Q'3(2m + 1)} ^ Z9 for m > 2 
and 

(3.3) 3a'3(5) = Q3(5). 
We show: 

Proposition 3.1 (1) TTn{S^;3) = {ai{3)a'^{6)} ^ Z3 and 
7ri7(S3;5) = {ai,5(3)Qi,5(10)} = Z5; 

(2) 7ri9(S3;3) = {ai(3)ai(6)/3i(9)} ^ Z3; 

(3) 7r2i(§3;3) = {ai(3)a4(6)} ^ Z3; 

(4) 7r25(§';3) = {ai(3)a5(6)} = Z3. 
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Proof. We use the exact sequence [45, Proposition 13.3]. The first half of (1) follows 
from (3.3) and [45, Theorem 13.10.ii)]. The second half of (1) follows from [45, 
(13.6)']. By [45, Theorem 13.10.i)], we obtain (2). (3) follows from [45, Theorem 
13.10.iii)] and (4) from [45, Theorem 13.10.vii)] and [28, p.325]. 

We recall vr^S^) = Wrff^} ^ Z2 for A: = 7, 8, vnKS^) = {£3} ^ Z2 and 7ri2(S^) = 
{?73e4,M3} = (T^if and 

(3.4) z^Vfi = 0. 

We also recall: 7ri5(§3) = {z^'^e, i^'^e?} = {'^if , vri6(S^) = 

{i/'7?6^7,ai(3)/3i(6)} ^ Z6, 7ri7(§3) = fe^^^i, ai(3)a^,(6), ai,5(3)ai,5(10)} = Z30 
and 7ri8(S^) = {^3, "4(3), ^2,5(3)} ^ Z30. 

Now, we show: 

Lemma 3.2 (1) ^(S'') = 127r3(S^) and ^^(S^) = for )k = 4, 5, 11, 12; 

(2) !26(S^) = 37r6(S3) ^ Z4,G;t(S^) = vr^(§^) = for k = 1,S and Q^iS^) = 
7r9(S-^)^Z3; 

(3) Gio(S') = 37rio(S3) ^ Z5 a/3d !2i3(S') = {e', ai(3)a2(6)} ^ Z12; 

(4) ei4(S^) = vri4(S3) ^ ^84 e (Z2)2; 

(5) !2i5(S') = vri5(S3) ^ (^2)2, ei6(S3) ^ ^3^ ^ {i/'r?6Ai7} = Z2, ei7(S^) = 
7ri7(S3) ^ Z30 and !2i8(S^) = 67ri8(S3) ^ Z5. 

Proof. Since (jcj = 12, we have the first of (1). We know ^ for a = 

^3) ^3) £31 '>]3^4, /^3 and ?73^4. This leads to the rest of (1) and the fact that 2i3(S^) ^ 
r/3/14. By (3.1) and (3.4), loE^uj = £'(ai(3)ai(6)). Hence, Qd^^) = 3tt(,{S^) ^ Z4. 
Obviously, Qk+ei^^) = T^k+ei^^) fork= 1,2, 3 and (2) follows. 

By (3.2), a2(3) !2io(S') and !2io(S') = {ai,5(3)} = Z5. 

We recall e' G {u' ,2iJe,ug} = {u\v(„2v^}. By [45, Lemma 6.6,(7.12)], 

v'E^e' ^ v' o {2i/6, 1^9, 21^12} = {y' , 2^6) ^9} ° 21^13 = e' o 21^13 = 2773652^13 = 0. 

By (3.2), ei3(S^) 3 ai (3)^2(6). This leads to (3). 

By [39, Proposition (2.2)(5)], we know r/sCe = 0. So, by the relation 2C5 = iS^/x' 
[45, (7.14)], we obtain i/'E'V = ??|C6 = 0. Hence, /i' G ei4(S^). Obviously, 
z/'e6, ai,7(3) € Gi4(S^)- By the relation [45, (7.12)]: 

(3.5) £32^11 = i/'Pe, 
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we have u'e(,uu = and e^v\i G 2i4(S^)- The fact that 03(3) G 2i4(S^) follows 
from the relation 01(3)03(6) = 301(3)03(6) = (3.3), and (4) follows. 

The first of (5) follows from the group structure 7ri5(S^) = {u' ly'rjf^ej} = (^2)^, 
the fact that u' G 26(S^) (2) and Lemma 1.5(1). By the relation = i^'fJ-eVis ^i^d 

Lemma 1.5(1), u'ri^fij G Qiei^^)- So, by Proposition 3.1(2), we obtain Qiei^^) = 
TTjg = {i''ri(,fij} = Z2 and leads to the second of (5). 

By the relation (3.5), we have i^'iee^u) = 0- In the exact sequence {p = 3,i = 19 in 
[45, Proposition 13.3]): 

7ri9(S^ 3) A7r2o(S^; 3)A7r2o(S^; 3) A7ri8(S^; 3), 

we know that all groups ai^e isomorphic to Z3 [45, Theorem 13. 10] and that A(£'^(oi(5)/3i(8)) = 
3(oi(5)/3i(8)) = and G(/3) = oi(3)£'/3 for (3 G tti9{S^;3). This implies the relation 
oi(3)£^ = and this yields the third of (5). 

We know u'e^ / [45, Theorem 12.8] and 01(3)04(6) / (Proposition 3.1(3)). This 
leads to the last of (5) and completes the proof. 

Set a', a", a'" for the generators of tt^^j = Zj^-* with 5 < « < 7. By abuse of 
notation, these are also used to represent the generators of 7r,j+7(S") = Zi5.2n-4 with 
5 < « < 7, respectively. We show: 

Proposition 3.3 Let 4 < k < 22. Then, U(,E^ttI C PttH^, u^E\kiS^) = for 
4<k<2\ and UkE''7r22{S^) = for 5 < k < 9 . 

Proof. First of all, recall that {i/g, r/g, 2tio} = Uej^e] + {2[l6,i-6]}- We know 1/5 o 
E^u' = 2ff = 0. This implies ueE^irl = for 4 < A: < 10. 

We know [ie,rie] = 0. So, we obtain [Le,rie£7] = and [t6,J^(,] = UgjV^i^i^ = 0. 
Hence, by [45,(10.12)], [iejfJ-e] =0 mod [^6, %£?], ['•e, ^^g]- That is 

(3.6) [/,6,/i6]=0. 

Let o G 7r| and /3 G 7r| be elements such that 2i5 o o = and {7/4,265,0} 3 Efi. 
Then, 

V(,E''I3 G f6 o {?79,26io,£'^o} = oE^a. 

By [45, (7.25)], 



(3.7) 



1/6/U9 = 8P(c7i3) = 2[i(,,a"] = {i(,,Ecj'"l 
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This and (1.15) imply Uf^E^nf^ = PvrJI and V(,E^'k\2 = S^^rlo- Frorn the fact that 
G {r/3, 2i4, ^4} and (3.6), we have 

(3.8) I'f.E^n' € 1^6 o {r/9, 2iio, Aiio} = [^6, /^e] = 0. 

By the fact that vr^g = (^2)^, we obtain v^E^e' € {v^,2v%, v\y} o 2z>i5 C ItTj^ = 0. 
We obtain V(,E^{v'e(,) = 0. By the relation [45, (7.18)]: 

(3.9) 2i>6 o i^u = i'(,£9 = ['•e, 
we have i/gegz^iv = 2i>(, o 1/^4 = 0. 

By (3.4), (3.5) and the relation i/'Ce = [39, Proposition (2.4)], we have 

7r| = i/'ovr^, 15 < < 17. 
Therefore, we obtain U(,E^-kI = for 15 < /c < 17. 

Since vr^g = {£3} = Z2 and £6 = ''?6«:7 [45, (10.23)], we have V(,E^tt\^ = 0. 

Since vr^g = {77364, ^30-12} = (^2)^, t'e^geio = and i^e/ig^-is = 8^(0-13) (3.7), we 
have i/e^^vrfg = 8{P(fT^3)}. 

Next we recall 

^20 = {e'' Ai3, 7?3Ai40-12} = ^4 (^2)^ 

and = {Ev')k,i [45, Lemma 12.3]. By [32, (16.6)], Vf^Jl') = \6P{p\j,). This implies 

1/6^^4, = 16{P(pi3)}. 

From the fact that 7r|j = {p'au, ly'sf,, ??3/i4} and (3.8), we obtain V(,E^tt\-^ = 0. 

We recall vrfj = Z4 Z2. Since tt^j = {/t', z^Veo-is} = Z4 Z2, by (3.8), the 
definition of /i' and [31, (3.2)], we see that 

v^E^Jl' G f6{£'V, 4^20,(720} C {0,4i2o,4a2o} = vrf 1 o 4cr2i = 0. 

This implies V(,E^tt22 = 0. 

Next, we examine the case for odd primes. This case appears for ^ = 6,9, 10, 13, 14 
and 16 < ^ < 22. By (3.1), the assertion 

(*) ai(7)£^^A(S^;3) = 

holdsfor A: = 6,9, 13,16. 

By (3.2) and (3.3), (★) holds for k = 10, 14. 

By (3.1) and Proposition 3.1(1), (*) holds for k = 17. 
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For k = 18, we have ai(7)£^7ri8(S3; 3) = {ai(7)Q4(10)} C E'^TT2?,{^^\'i) = [45, 
p.185]. 

By [45, Theorem 13.10.iv);v)], S^vrz+igCS^; 3) = for / = 0, 1, and hence, (*) holds 
for 19,20. 

By [45, p. 185], E^tt2i{^'^; 3) = 0, and hence, {-k) for A: = 21 holds. 

Finally, for k = 11, by Proposition 3.1(4) and [46, p.56], ai(9)a5(12) / 0. This leads 
to the last result and completes the proof. 

We propose: 



Problem. If v'E^p = for /3 G 7r|_j , then 1/4 A /? = 0? 
Lemma 1.5(2) and Proposition 3.3 yield: 

Corollary 3.4 L['__i ,,(§3) = vr^t-KS^) for n>l and5<k< 11. 
Writing Rl = T^k{SO{n); 2), we get from {ST'D the exact sequence 

mi) — >7^i^,^Ri^Ri^' ^ ■ ■ ■ . 

Next, we show: 

Theorem 3.5 P^n+3+km>") = © P'L+^+ki^") for < k < 10, 

where 

(1) P'^n+^m") = [[(24fH),2]]7«*^4„+3(S'"+') forn> 1; 

(2) P;„+3+,(]HIP«) = 7„,7r4„+3+^(S'"+') for k = 1,2,4, 5, 8,9, 10; 

(3) P'^n+ei^P") = ^±^7.*vr4„+6(S^"+'); 

(4) P;„+9(MP") = i^i^^„^vr4„+9(S^"+'); 
27n*vr4„+io(S^"+^), ifn = 0,1,1 (mod 4); 



('^\ p' mp"\ - / 27n*7r4„+io(S'^"+ 
L 7n*^4;i+10('3> 



ln^T^An+m{^ )■, ifn = 3 (mod 4) orn = 1. 
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Proof. In view of Lemma 1.5(2), (3), Proposition 1.6 and Proposition 1.12(1), we get 

P^(HP^"+i) = P[(H[p2"+i) ©p['(iH[p2«+i). 

We show that 

for < A: < 10. In virtue of (1.7)-(1.14), we can determine P4„+3+i,(S'^"+^) 
for < ^ < 7. Hence, by Proposition 1.6 and Lemma 1.7(8)-(11), we obtain 
P4n+3+k(^P") for < A: < 7. In the case that 8 < A: < 10, wehave M4„+3+;t(S4"+3) = 
G4„+3+^(S'^"+^) = 7r4„+3+i(S4«+3). This determines P'^^^-^^i^iMP") for < A: < 10. 

Now our task is to check the condition (Q?) in Proposition 1.12.2(iii). Let n be even 
and we work in the 2 -primary component. The assertion is a direct consequence of the 
fact that [i4n+3, vr^"+3+i.] = for yt = 1, 2, 8, 9, 10 [9, Proposition 1.3]. 

For k = 0,3,6, the condition (^) holds because 2[i4„_|_3, i4„_|_3] = 2[t4,j+3, i/4,j+3] = 
2[m«+3, t'|„+3] = 0. 

We know [i4„+3, cr4„+3] = if and only if « = 2 or « = 3 (mod 4) (1.14). So, 
for the case n ^ 2 and n = 0,2 (mod 4), suppose that there exists an element 

/3 G 7^l^_^^^ such that /(Ac74„+3) = [t4n+3, 0-4„+3] = l'4n+3E'^"'^^ P = J{[L3]4„+3P). We 

set R'l = TTk{S0{n)-2). By [4] and [15], 

ZjeZseZz, ifA: = l; 

Z2 e Z4, if k = 2; 

Z2 © Z2, if A: = 3; 

Z2, if A: = 4. 

Here, the direct summand Z2 corresponds to the Bott result: /?5«+9 — ^2- Since 
[t4„+3, (T4„+3] 7^ and this element does not correspond to the Bott element, J : 
^40+9 ~^ ^8n+i2 ^ monomorphism and hence, Acr4„+3 = [i3]4,j+3/3. In the exact 
sequence {71^X1"^) (k = 2,3): 

n4n+k-l '* . p4n+k P*. 4n+k-l 
"4n+9 ^■'^4«+9 ^^4n+9 ' 

we know tJ[Mn+2, o-4«+2] = 16 (1.14) and r/4«+io-4„+2] / 0, [i4„+i, i^4n+i] / 

and [Mn+i,e4«+i] / [9, Lemma 4.3]. So, /* : R^lXl^^ ~^ ^4n+9 epimorphisms 
for ^ = 2, 3, respectively. This shows that [i3]4„+i/3 generates the direct summand 
in R'l"'Xl and contradicts the fact that 4/3 = [16, Corollary (1.22)]. Hence, we have 
the assertion for k = 1 . This completes the proof. 

For n even, since [t8;i+3i c"8)?+3] 7^ t^^' Table 1], The assertion of Theorem 3.5 for 
k = 1 , n = (mod 4) is obtained from Corollary 1.13(2). 

Since [t„, = except for « ^ 1 15 (mod 128) [9, p. 426], we obtain 



Ty4n+k ~ 
''^4m+9 — 



22 



Marek Golasinski and Juno Mukai 



Remark 3.6 The assertion of Theorem 3.5 for k = \\ holds and P^^j^j^CHP") 



7„*7r4„+i4(S4"+') if n ^ 115 (mod 128). 



By Proposition 1.12, Lemma 3.2 and Theorem 3.5, we obtain: 



Proposition 3.7 (1) Let « > 2. Then: 



0, 

m,EW} ^ Z4, 

m*E{v'ri(,} = ^2, 
/H*£'{ai(3)ai(6)} 



if ^ = 5,6, 

if k = l, 

if k = S, 

if k = 9, 

^3, if k = 10; 



(2) Pii(]H[p2) = {872, /H£ai,5(3)} = 8Z © Z5 ; 

(3) P^CHP^) = 72*^/t(S'') = Z2, if ^ = 12, 13; 

(4) Let n > 3 . Tijen, 



/H*£{ai,5(3)} = Z5, if fc= 11, 

0, if A: = 12, 13, 

im*E{^', ai(3)a2(6)} ^ Z12, if k = 14; 



(5) PisCHP^^) = {673} © /h*£^14(S') = 6Z © Z84 © (^2)2; 

(6) Pi6(IH[p3) = 7ri6(IHp3) ^ (Z2)3, Pi7(Mp3) = 73,7ri7(Si5) © /e^^vr^^ = i^if and 
Pi8(Hp3) = ^18(]HIP3) ^ Z24 © Z30; 



4 Gottlieb groups of real projective spaces 

Hereafter, we set 

G[(FP") = G,(FP") n (7«*vr,(S^("+i)"i)). 
Notice that G^(FP") = G^(FP") if F = M, C and > J + 1 . 
First of all, we show 

Proposition 4.1 G[,(FP") C 7„^G^(5^'("+i^-i). 
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Proof. The real case is just [11, Theorem 6-2]. For any element 7„a G G[(¥P"), we 
have = [7„a,7„] = 7« o Since 

7„, : 7ri+j(„+i)_2(S'^("+i)-i) ^ ^^+rf(„+i)_2(FP")isamonomorphism, a € P;t(S^(«+i)-i 

In the sequel, we need the following. Let ^ be a closed subgroup of a Lie group H and 
write H/K for the left coset. We recall [43, Example 2.2], [22, Theorem n.5], which is 
directly obtained by Lemma 1.1 and the fact that the usual pairing H x H /K ^ H /K 
is an associated map with the projection p : H ^ H/K: 

Lemma 4.2 Let K be a closed subgroup of a Lie group H and H/K the left coset. 
Then, the projection p : H ^ H/K is cyclic and ;?*(vr„(//)) ^ Gn{H /K) for n>\. 

Write : Ofin - 1) x Of(1) ^ Of(«) for the inclusion, p'^^ : Ofin) FP"-^ 
for the quotient map. Now, we consider the exact sequence induced from the fibration 

{FVD ^7r^(FP")^7r;t_i(OF(«) x 0^{\))^T:k^i{0^{n + 1))^ • • • , 

where /' = ^ and p' = p[^j^^ p. Then, by Lemma 4.2, we have 
(4. 1) Ker = p',T^k{0^{n + 1)) C G^.(IKP"). 



Next, we consider the natural map from (ST'l) to {FV1): 



(4.2) TikiSOwin + 1)) 7r^(§^(«+i)-i) — ^k-i{SOf{n)) 



TTki.Ov{n + 1)) ■ 



7", 



a; 



■^a_i(Of(«) X Of(1)). 



We show: 



Lemma 4.3 (1) Ker{AF : 7r^(S''("+i)-i) ^ ^^_i(SOf(«))} C ^,-^Gk{W). 

(2)Letk > d+l. IfE^'-'oJp |af(.,(S*.+.)-1)): Af{7Tk{S''^"+'^~')) ^ 7r^+rf(„+i)_2(S'^^"+'^ 
is a monomorphism, then 7*G^(S'^'^""'^''^^) C Gi:(FP"). In particular, under the as- 
sumption, 

Gk{¥P") = -f„,Gk{S''^"+^^-^) for ¥ = R,C and G[(IH[P") = j„,GkiS^"+^). 
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Proof. By the commutativity of the right square of the diagram (4.2), Ker Ajr = 
7„:7HKer Ap). Hence, (4.1) imphes (1). 

By the assumption, (1.4) and (1.16), Gki^''^"^^^-^) = Ker(/ o A) = Ker Af. So, 
by (1), we obtain 7*Gt(§"'^"+'>~^) C G^(FP"). By Proposition 4.1, G^(FP") C 
7*Gi(S''("+i)-^) for F = M,C and G^(FP") C 7^Gi(S''("+')-i) for F = M. This 
completes the proof. 

By Proposition 4.1 and Lemma 4.3(1), we obtain: 

CoroUary 4.4 If AK7r^.(S") = 0, then G^(MP") = 7„^Gi(S"). 

By [10] and [41], we know: 



Theorem 4.5 (Gottlieb) Gi (MP") 
Theorem 4.6 (Pak-Woo) 



0, if n is even; 

TTiiRP"), if n is odd. 



0, if n is even; 

G„(MP") = 7«*G„(S") = { 7r„(MP"), if « = 1, 3, 7; 

27r„(RP"), if n is odd and 1,3,1. 

By Lemma 4.3(1) and the fact that 7r^_i(5'0(2)) = for ^ > 3, we derive: 

Proposition 4.7 Gk(^P'^) = 7ri(Mp2) foTk>'i. 

Theorems 2.1, 4.5 and 4.6 imply G^(RP'') = Pi(MP") for k = \,n. 

We examine the the equality: 

(*)„ ^Aa = ^{in,a\ for a G 7ri+„(§"). 

Let p be an odd prime. By use of Serre's isomorphism [45, (13.1)], the equality 

{*)Ea for a G 7ri:-|_2,j_i(S^"~';/7) holds if jja = '^E^'^a. For example, a is taken 
as ai(2m + 1) G 7r2„,+4(S^'"+'; 3), a2(2m + 1) G 7r2„,+8(§2"'+^ 3), ai,5(2m + 1) G 
7r2m+8(S^"'+';5) form > 1 and /3i(2m+ 1) G 7r2„,+ii(S^'"+^ 3) for m > 3. We show: 
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Lemma 4.8 Let a G 7r„+<.(S") for k<l . Then: 

{I) The inequality '^/S.a ^ tj['^n)'^] holdsifandonlyif: a = Ev' ,{Ev')rj'] ,Vi^i]-],{Ev')T]^ , 
^aVi ' ['^e ) '-el , Ea' , a^, a\\, Un with n = 2' — 3 for i > 4 or with n = 2' —5 for i > 
4; 

(2) The restriction map J | Attj^cs")' ^'''"jtCS") ^ T^k+n-ii^") is not a monomorphism if 
and only if (k, n) = (3,4), (4, 4), (5,4), (6, 4), (5, 6), (7, 8), 
(7, 1 1), (3, 2' - 3) with i > 4 and (6, 2' - 5) with i>5. 

Proof. By use of the exact sequence (TZ"j_^i^) for — 1 < ^ < 1 and [21, pp. 161-2, 
Tables], we obtain 

1, if « = 1, 3, 7; 
UAi„ = 2, if « is odd and « 7^ 1, 3, 7; 
oo, if « is even; 



1, if « = 2, 6 or « = 3 (mod 4); 

2, if otherwise; 

1, if ?i = 2,3 (mod 4); 

2, if otherwise. 



By (1.16), (1.7), (1.8) and (1.9), the equality (*)q holds for a = Ln,r]„,ri},. 
We show ^AiEu') = 4. In the exact sequence (7^3): 

^4(S^) A 7r3(SO(4)) ^ 7r3(SO(5)) ^ 0, 
by [44, Theorem 23.6], 

(4.3) ±Ai4 = 2[i3]-[m]4- 

This implies ±A(£'z/') = ±Al4 o v' = 2[ii,W - ImUt^' and hence ttA(£'z/') = 4. On 
the other hand ^[l4,Ei^'] = 2 (1.10). We recall 

(4.4) ^7(50(5)) ^ Z, 

TTkiSOiS)) = for A: = 8,9 and J{Au4) = ±[^4, 1/4] = ±2^-1 by Lemma 1.3(3) and 
(1.16). So, in the sequence (T^g), we get that 

(4.5) Au4 = ±[i3]a; (mod 3[7y2]4w) 
and that the equality (*)^^ holds. 

By (4.4), we have Au^ = and [24, Theorem (4.3.2)] yields Az^sn-i = A(Ti6„-i = 
for « > 1 . 
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Let n ^ 3 (mod 4). By use of the exact sequence (7^2"+3) ^^'^ t^^' P- Table], we 
have tjA^'2H+i = 2. So, by (1.16) and (1.11), the equality {*)y2„+i holds if n / 2' — 2 
with / > 3. By (7^^"+2)' [21, p. 161, Table] and the fact that 7ri4(5(9(12)) ^ Z24 Z4 
[25], 

24, if n is even and « > 4; 
12, if n is odd and n > 3 or n = 6. 



tlAl/2« 



Hence, by (1.11), the equality (*),^,_ for « > 4 does not hold if and only if « = 2' — 3 
with / > 4. 

By the fact that -Kk^SOiS)) = for )k = 8, 9, the map A : 7r^(S'^) 7r^_i(50(4)) ^ 
7rj;_i(50(3)) © 7r<;_i(S^) = (^2)^ is an isomorphism. This implies 

m^^vi) = m{Ev')m) = mWi) = miE^Wi) = 2. 

We obtain [i4, Vi^i^i] = [m, {Eu')rj-i] = and [^,{Ev')rjj] = [^4, u/^rjj] = (1.2). 

By (7^fo) and the fact that 7rio(50(6)) ^ Z120 © ^2, 7rio(SO(7)) ^ Zg [21, p. 162, 
Table] and 7rio(§^) = 0, we obtain tiA[t6, tg] = 30. On the other hand, [tg, /-el] = 
3. 

We have Az^|^_j = (Az^8n-i)j^8n+i = for « > 1. By [9, Lemma 3.1], Az^g,j_^ = 
if ?i > 1 and A: = 3,4. 

Next, we need the formula parallel to (4.3): 

(4.6) ±Ai8=2U7]-[7?6]8. 

Here, we use the fact that ■k-,{S0{1)) = {[7?6]} = ^ and tt-,{SO{%)) ^ 7r7(S^) © 
TniSOO)) ^ generated by [n] and [r/6]8. 

Let n = 3 (mod 8) > 11 . We consider the commutative diagram 

(o) vr„+6(S") 




TTn+eiSOin)) -—^'Tinj^(^{SO{n + 3)) > 7r„+6(V„+3,3) ^^-^ 7r„+5(5'0(?i)) 

7r,i+6(^n+3,2), 

where y„^^ = SO{n)/SO{n — k) is the Stiefel manifold and the horizontal, vertical 
sequences are exact. 

By [4], /fi,«+3^ is a split epimorphism for « > 19 and in view of [21, p. 16, Table], 
7r„+6(SO(« + 3)) = Z2. For n = 11, there exists an element {ii\„^% S T^\-i{SO{m)) 
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for m > 8 such that /([iTlm/^s) = f^ml^m+i and tl([''7]mA*8) = 2. This implies that 
'11,14* '■ T^\i{SO{ll)) — ^ 7ri7(SO(14)) is a split epimorphism as well. 

Denote by MP^ = ]RP"/RP*^~^ for ^ < n the stunted real projective space. We obtain 

Vr„+6(V„+3,3) = Vr„+6(KP;'+2) ^ ^.(Kp5) ^ ^.(1^2) ^ and 7r„+6(V„+3,2) = 

7r„+6(IKP"+?) = 0. Hence, by the diagram (o), Au^, 7^ and thus, by (1.12), we 
conclude that the equality {*)^2 for n > 4 does not hold if and only if « = 2' — 5 with 
/ > 4. 

We recall the relation a'" = {1^5, 24^8, i^s}. For a lift [1^5] G tts{S0{6)) ^ Z24 [25] of 
1/5 , there exists a lift [a'"] G {[1/5], 24^8, i^s} C 7ri2(SO(6)) = ^60 of a'". This implies 
Act'" = 0. By (3.7), the equality {*)^» holds. 

In virtue of [29, p. 132, Table], 7ri4(SO(7)) ^ Z2520 ^8 Z2 and 7ri4(50(9)) ^ 
Zg Z2. We have 7ri4(50(8)) ^ 7ri4(50(7)) 7ri4(S') = Z2520 Zs Z2 Z120. 
By [19, p. 21], Ker{A : vr^j R\^} = Svr^j. Therefore, 

ttA(£f7')(2) = ttA(a8)(2) = 8. 

In vutue of [42, Proposition IV.5] ([45, (13.1)]) and (1.16), we have 

(4.7) HAvri5(S';;;)=p for p = 3,5. 
This impUes 

(4.8) ^MEcr') = 120 and ttAa8 = 2520. 

On the other hand ^Us^Ea'] = 60 (1.13) and ^[ls,(Ts] = 120 (1.14). Hence, the 
equality (*)„ for a = Ea', does not hold. 

By [20, p. 336], ttAcru = 2 and we know [in, an] = (1.14). The remaining cases 
ai^e for a,, with n = 9, 10 and n > 12. These are obtained by the pai^allel argument to 
z/„. This leads to (1). 

By (1.16), the 7-homomorphism restricted to {Aa} C vr^^^ 1 (5C?(«)) is a monomor- 
phism provided the equality (*)q, holds. Hence (1) implies (2). This completes the 
proof. 

Now, we show the following result extending Theorem 4.6: 

Theorem 4.9 The equality Gk+n(^P") = 7„*G^:+„(§") holds if k < 1 except the 
following pairs: {k,n) = (3, 4), (4,4), (5,4), (6,4), (5, 6), (7, 8), (7, 11), 
(3, T - 3) with i > 4 and (6, 2' - 5) with i>5. 

Furthermore, 
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(1) Gi{m^) 5 127r7(Mp4). 

(2) Gio(Mp4) D3^io(MP^); 

(3) Gii(MP^) D 307rii(MP'^); 

(4) Gi5(MP^) D 25207ri5(MP^),- 

(5) Gi8(MP") D27ri8(MP"); 

(5) GAW-'^^) D 27r2.(KP^'"^) for / > 4. 

Proof. In the light of Lemmas 1.2, 4.3, 4.8, Proposition 1.11(1), [9] and [44], we 
obtain the equality. 

By (4.5), tlAi/4 = 12 and ttA(i/|) = 3. This and (4.1) for M imply: (1) Gi{W^) 5 
pt7r7(50(5)) = 127r7(]Rp4) and (2) Gio(Mp4) d ;,>io(5(9(5)) = 3^io(MP4). We 
know tiA[i6, ifi] = 30. Hence, Lemma 4.3(1) implies (3). 

By (4.8), 

Ker{A : 7ri5(S^) ^ 7ri4(50(8))} = 25207ri5(S^). 

This leads to (4). 

(5) follows from the fact that Ker {A : 7ri8(Sii) 7ri7(50(l 1))} = 27ri8(§"). (6) 
follows from the fact that Ker {A : vriKS^'"^) ^ ■kt~\{S0{2' - 3))} = 27r2.(S^'"^)- 
This completes the proof. 

In virtue of Proposition 4.1, an upper bound of G7(MP^) is given as 74^G7(S^) = 
74j3[i4,i4],2£'i/'} [9, p. 7]. Hence, 

Remark 4.10 6741/4 GiiW"^) and 74 (£1/') G7(RP'^). 

To state the next result, we recall from [45] and [9]: 

(4.9) Ae4„+3 = A^4„+3 = 0, 

(4.10) tl[''8n, e&i] = tt[''8«, ??8«0-8„+l] = tl[''8n , j^Sn] = tt[''8« , /^8n] = 2, 

(4.1 1) tt[i8,i, 7?8«e8«+l] = tJ[''8)i, ??8nO-8«+2] = tl[''8«, l^8,J = 2, 

(4.12) [t8n, a8«] / [i&i, /i8«] for a = r/e, r/^cj, i/^ 

(4.13) tt[t8n,??8«^8«+l] = 2, ti[i8», A(8«)] = 3. 

Hence, by (1.7)-(1.14), (4.9)-(4.13), Proposition 4.1 and Corollary 4.4, we obtain: 

Proposition 4.11 (1) Gn+ki"^") = vr„+KMP") if n = 3 (mod 4) and 8 < < 10. 

(2) G„+^(MP") = if n = (mod 8), n>\6and%<k< 10. 
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5 Gottlieb groups of complex and quaternionic projective 
spaces 

By [12, Theorem 1], we obtain 

G2(CP") = for ?i > 1 
proved in [8], [22] and [23] as well. 

We recall the group structures of 7r2n-i+kiSU{n)) for < ^ < 4, 6 and k = 1 from 
[5], [6], [21], [26], [27] and [25]. 

7r2„_i(SC/(«)) ^ Z; T:2n{SU{n)) ^ Z„, for n>2; 

^cr?^ ^^ ~ / ^2, if n is even, 
7r2n+i(.SU{n)) = < ^ . 

[0, it n IS odd; 

^(n+i)! © ^2, if is even and « > 4, 
Wi)!/2' if " is odd; 

^(24,«), if 1 is even, 
^(24,«+3)/2i if is odd and n> 3; 

^(24,;i+i), if « is odd, 
^(24,n+4)/2, if « is even; 



Tr2n+2{SU{n)) £ 

7r2„+6(5[/(«)) 5 



7r2„+6(5f^(« + 1)), if « = 2, 3 (mod 4) > 3, 

Tr2n+6(SU{n + 1)) © Z2, if n = 0,l (mod 4) > 4. 

Notice that TT2n{SU{n)) is generated by Ac(i2«+i) = w„(C) = jnEj^^i, where 7„ : 
ECP"~^ ^ ^U(yi^ is tljg canonical inclusion satisfying /7,J„ = Eqn-\ . Then, by (1.1), 

p„a;„(C) = {n - \)r]2n-\- 

Notice that 7r4„+i(5'?7(2n)) is generated by Ac(r/4n+i) = (^inV^n- By making use of 
the exact sequences (C2„^^) forO<^<3,/: = 6 and the results above, we obtain the 
following result which overlaps with that of [21, pp. 163-5]: 

Lemma 5.1 (1) ttw„(C) = n\; 

2, if n is even. 



(2) ttAc(??2n+l) 

(3) rtAc(^2'„+i) 



1 , if n is odd; 

2, if n is even, 
1 , if n is odd; 
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(4) ttAc(z^2„+i) 



(24, n), if n is even, 

(24, n + 3)/2, if n is odd and n >3; 



... UA r,.2 ^ / 1' « = 2, 3 (mod 4) > 2, 
(5) ttAc(z.,„+i) = I 2, if „^ 0,1 (mod 4) > 4. 

By Lemmas 4.3(1) and 5.1(1), we obtain [22, Theorem III. 8]: 

Theorems.! (Lang) ?i!7r2„+i(CP") C G2„+i(CP"). 

By Theorems 2.2(1) and 5.2, it holds 



G5(CP2) = P,(CP^) = iTTsiCP^). 



Now, we show: 

Theorem 5.3 ( 1 ) Let yt = 1 , 2 . Tlien: 

0, if n is even, 



7ri+2„+i(CP") ^ Z2, if n is odd. 



G,+2„+i(CP") = 
(2) 

r (24,«)7r2„+4(CP") = Z^, if n is even, 

Gln+Ai^P") 71 { (24,n+3) nn\ ~ 'i^"'"' --f • 

— V'^7r7„+zi(CP ) = Z 48 , jf ?i IS odd. 

V (24,ji+3) 

In particular, G2„+4(CP") = 27r2„+4(CP") if « = 2, 10 (mod 12) > 10 except 
n = 2'"^ -2 or n = 1,17 (mod 24) > 17 and Gjn+AiCP") = 7r2„+4(CP") if 
« = 7,11 (mod 12). 

0, ifn > 3, 
Z2, if n = 2. 

(4) G2„+7(CP«) = 7r2„+7(CP«) ifn = 2, 3 (mod 4). 



(3) G2„+6(CP«) = 7r2„+6(CP") 



Proof. By Proposition 1.11(1) and the fact that G;t+2„+i(S^"+') = if A: = 1, 2 and ?i 
is even, we have G/t+2«+i(CP") = in this case. By Lemmas 4.3(1) and 5.1(2)-(3), 
G;t+2«+i(CP") = 7r^+2n+i(CP") for n odd. This leads to (1). 

Notice that Gd^'^) = ireiS^) [23], [9]. Lemmas 4.3(1) and 5.1(4) imply the first half 
of (2). 



As it is easily seen (1.11), for n even, {24, n) = tt['-2;i+i , i'2«+i] = 2 if and only if 

2 



n = 2, 10 (mod 12) > 10 and ?i / T~^-2. For « odd, i^l^ ^ ^[^2,1+ 1,1^2,1+1] = 2 
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if and only if n = 1, 17 (mod 24) > 17. Moreover, ifl^ ^ tt[^2«+i, i^2»+i] = 1 if 
and only if n = 7, 11 (mod 12). This and Lemma 4.3(2) lead to the second half of (2). 

Since Ac : itw{S^) irgiSUil)) ^ Z3 is trivial, we have GwiCP^) = vrio(Cp2) ^ 
Z2. This leads to (3). 

(4) follows from Lemmas 4.3(1) and 5.1(5), and the proof is complete. 
We obtain: 

Corollary 5.4 (1) Gk{CP^) = TTk{CP^) for 10 <k<U; 

(2) GkiCP^;p) = nkiCP^;p) for an odd prime p; 

(3) G4(CP2«+1) D 72„+iC+3 ° form =1,2; 

(4) (i) G,(CP2«) D 2(12,n)72„z.4„+i o 7Tk{S^"+^); 

(ii) G^(CP2"+1) D (12,n +2)72„+iz^4„+3 o vr^(S^"+''); 

(5) G,(Cp4«+2) ^ j^„^2i^l^5 ° vr,(S^"+ii); 

(6) G8„+ii(Cp4"+i) = vr8„+n(C/'4"+i) if „ > 2; 

(7) G8„+i(C/'4"+3) = ^8„+^(C/'4«+3) for k = 28,29 if n > 2. 

Proof. By [33, Lemma 3.1.i)], we get Ac(vri(§^)) = for 10 < A: < 12. Hence, 
Lemma 4.3(1) yields (1). 

By Lemma 1.2 and Theorem 5.3, we have (2)-(5). By Lemma 5.1(2), Ac(?74„+3) = 0. 
Since e4n+3 S {r/4n+3, 1^4,1+4, 2z^4«+7} (mod r?4„+3fT4„+4), we have 

Ace4n+3 e {^^2;i+l, ^4n+2, ^^4,1+3} ° 2z^4„+7 C ■K4n+l{SU{ln + 1)) O Iv^n+l ■ 

Then, by the group structure T:4n+i{SU{ln + 1)) = ^2(12,^+1), we obtain Ace4n+3 = 
for n even. This leads to (6). 

By Lemma 5.1(4), jiAc(j^8n+7) = (12,2?i + 3). We recall from [28] that 7r|i(S°) = 
{r?K, vu*} ^ (Z2)2 and 7r^2(S°) = l^^'^' - (^2? ■ This implies Ac(??4«+3M„+4) = 
Ac(z^8«+7i'8«+io) — ^'^'i leads to (7) for ^ = 28. By the parallel argument, we have 
the case k = 29. 

Next, we consider the case of the quaternionic projective space. By [12, Theorem 1], 
we obtain 

G4(E[P") = for n>l 
proved in [8], [22] and [23] as well. 
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By Proposition 3.7(1);(4) and [9], 

G^CHP") = if « > 1 and yt = 5, 6; 
Gi(HP") = if n > 3 and it = 12, 13; 

We recall the group structures 7r4„_i4.^:(Sp(?i)) for ^ = — 1, and 2 <k <6 from [6], 
[34], [30] and [25]: 

TT4„^2{Sp{n)) = 0; ■K4n-i{Sp{n)) = Z; 

^r, . XX ^ f 0) if " is even, 
[ Ij2, if « is odd; 

^ ^^ ~ / ^(2«+i)!> if « is even, 
[ ^2(2n+\)\, if n IS odd; 

'K4n+l,{Sp{n)) = Z2; 

,c ^ ^^ ~ / (^2)^ if n is even, 
[ /f2, if « IS odd; 

/c / ^^ ~ / ^(24,n+2) © ^2, if « is even; 

y Z(24,„+2), if n IS odd; 

By making use of the exact sequences {SH'l^^j^) for 2 < ^ < 5 and the results above, 
we obtain: 

Lemma 5.5 {I) ^An{i4n+i,) = \ , . 

[ 2(2« + 1)!, if n IS odd; 

(2) HAH(7?i+3) = 2 for 1,2; 

(3) rtAH(z^4«+3) = (24,n + 2). 

Notice that 7r4„+2('5'p(«)) is generated by AeCMn+s) = ^ni^)- 
By Lemmas 4.3(1), 5.5(1);(3) and 1.2, we obtain: 

Theorem 5.6 W G^n.mn :2 \ f^^^'^:^^^^^^^^ 

I 2{2n + l)!7„^7r4„+3(s™^'^), ifnisodd; 

(2) GkiMP") D (24,?i + 2)7„i/4„+3 7r;t(S4«+6). In particular, we derive G4n+6QSiP") 5 
(24, « + 2)7„,7r4„+6(S^"+^) = for « > 2; 

(24,;i+2) 

Theorem 5.6(1) improves [23, Corollary 2.7]. We obtain: 
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Corollary 5.7 (1) Gl_^^(mP^'') = 0, G',„+io(Hp2"+i) = 72„+i,7r8„+io(S^"+') for 
«^0(mod3) and Gl,^i,iMP^"+') = j2n+u^&n+ni^^"'-')- 
(2) G^„+i4(]H[P") = 7n*vr4„+i4(54"+3) for n = 5,9 (mod 12), « > 5 and n = 
15,23 (mod 24). 

Proof. (1) is a direct consequence of Theorem 5.6(2); (3) and Theorem 3.5(4). 

We know G {i/„, (t„+3, 16i„+io} for n > 13. Moreover, ■K4„^iT,{Sp{n)) = if 
n = 1 (mod 4) and n > 5 and = Z(i28,4(«-3)) if ?i = 3 (mod 4) ([35], [36]). So, for « 
satisfying (24, n + 2) = l,n = l (mod 4) or ?i = 7 (mod 8), we obtain 

C 7r4„+i3(5';7(?i)) o 16i4„+i3 = 0. 
This and Lemma 4.3 lead to (2). 

By use of the exact sequence (STfli), Lemma 5.5(2) and the fact that 7ri2(5p(2)) = 
{/e3} = for the inclusion i : ^ Sp{2) [33, Theorem 5.1], we obtain 

Ae(mi) = '£3- 
So, by the relation £30-11 = [45, Lemma 10.7], we obtain: 

Example 5.8 Gi8+|.(IHp2) D {j2Vn<yn+k} = for A: = 1, 2. 

We have up € iyo{a,2a,SL) = S{u,a,2a) = Su* = 0. By [45,(10.22)], H{uiopn) = 
£■(1/9 A fg) o 4z/25 = 0. So, by the fact that 1^10/013 G E-k^j = {Cio, f^w} — ^^19, we 
obtain 

(5.1) i^wPi3 = 0. 
By [28, Lemma 6.1] and its proof, we have 

?76K7 G {1^1, 2ii2, K12} (mod i/| o tt\j + nf^ o K13) 

= ulo{E^p',en} + W"Ki3}. 

We obtain z/^en = J^lvnKn = 0. By [40, Lemma 6], ul{E^ p') = 0. We know 
(t"ki3 G 7r|y = {776^7}, E{a" Ki^) = 2a' ku = and -qR ^0 [28, Theorem A]. Hence 

(5.2) 776K7 = 2^2,^12}. 

As it is well known [17, (2.10)(b)], for the projection p„ = p„ e : Sp{n) — > S'^"^^ we 
have 

(5.3) p,uW„(H) = ±{n + l)u4n-i {n > 2). 
Then, we obtain: 
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Lemma 5.9 Ah(?7„k„+i) = if n = 15 (mod 16). 

Proof. We use lo„ = w„(]HI). By (5.1) and (5.2), it holds that 

} 3 rjni^n+i (mod (t„k„+7) for n > 10. 

Set n = Am. By Lemma 5.5(3), '^{UnVAn+i) = 2(12, 2m + 1). So we can define the 
Toda bracket 

{w„l/4„+2,2(12,2m + l)iAn+S,I^An+5} C TT ^n+2Q{Sp{n)) . 

By (5.3), we obtain 

Pn*{^«'^4,i+2,2(12,2n + l)i.4«+5,/«4«+5} ^ {^^4,,- 1 , 2(12, 2?1 + l)iAn+5, f^An+i} 

3 r?4„_iK4„ (mod CJ4„_iK4„+6)- 

So, by the relation (T4„_iK4„4.6 = for « > 4 [28, Proposition 7.2], we obtain 

Pji*{w„Z^4»+2,2(12,2m + l)t4„+5, K4„+5} = '?4n-lM„. 

This completes the proof. 

By [45, Example 4], we know G {u,a,u) (mod k). Since {??io, ^^ii, 0"i4} = 
2[<.io, i^io] [38] and ryio^n / 0, we obtain 

(5.4) {z^ii,cri4, i/2i} = fl^^ii for a odd. 
By (5.4) and the definition of ^12, we have 

CT15 € {Z^15,0-18,i^25} 0-29 = -^^15 o {c^lS , ^^25 , 0-28 } 
3 -l^lsClS (mod Z/15 O TTjg O (729 = 0). 

Hence, we have 

(5.5) <T?5 = Z^lsClS- 

From the fact that ^/S.^{v^n+i) = (24, 2n + 3) and (5.4), we have 

l^m{(yln+l) ^ {W2«+1,(24,2?1 + 3)z^8n+6,C^8«+9} o ^^Sn+lV 

and hence, 

(5.6) Ah(4,+7) = 0. 
We show: 

Corollary 5.10 G'l^^+^XHP^""!) = 74«-u7ri6„+i(S"^"->) for k = 20;n > I and 
k = 2\;n > 2. 
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Proof. By [28, (7.10)], £^(Az^3i) = [tjg, J^^g]. So, by (5.5), [45, Corollary 12.25] and 
(1.14), 

(^16 = ^16^9 = m ° ([^19, 1^19] - 1^19) = ■E'^(Az^3l) - 1^161^1*9 

and + z^ijz^fg - E^iXusi) G Pvr^i = 0. 

By Lemma 5.5(3) and (5.6), we have Ah((£'^A)i/33) = AH(i^i5i^r8) + '^micrj^) = 
and Gi6„+2o(IH/^"-i) 3 ^4n^ual(,,_, . By Lemma 5.9, Gi6„+2o(lHp4"-i) 3 
74n-i*??i6n-i'^i6)i- This leads to the assertion for k = 20. 

By Theorem 5.6(3), Gsn+iii^P^""^) 9 lin^W^Sn^i^Hn+i- By Lemma 5.9, 

^H(?7?6n-l'^16«+l) = AH(??16n-lKi6,!) o r/i6«+20 = 0. 

This and the group structure of '/ri6,i+2i(S'^"~^) for « > 2 [28, Theorem B] lead to the 
assertion for ^ = 21. This completes the proof. 

Finally, we show: 

Proposition 5.11 (1) GisQ^^) 5 4072*7ri8(S^'); 

(2) G2i(]H[p2) D 272,7r2i(Sii),- 

(3) G22(IH[P2) D 872.vr22(S'^) = ^53; 

(4) G22(HP3) D 473,7r22(Sl^) ^ Zgo. 

Proof. By [33, Theorem 5.1] and [34, Lemmas 3.1-4], we see that 

(1) Ker{Ae : vri8(S") ^ TT„{Sp{2))} = 407ri8(S"); 

(2) Ker{Ae : vr2i(S") ^ TT2o{Sp{2))} = 2^2i(§"); 

(3) Ker{AH : vr22(S'') ^ 7T2i{Sp{2))} = 87122(8"); 

(4) Ker{AH : vr22(S'^) ^ 7T2i{Sp{3))} = 4^22(§''). 

Hence, by Lemma 4.3(1), we obtain the assertion. This completes the proof. 
Problem. Find a pair (k, n) satisfying G^.(MP") n iu^E-Kk-ii^'^) / 0. 
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6 The case of the Cayley projective plane 

Let WP^ = U(J8 e^^ be the Cayley projective plane. By [12, Theorem 1], we obtain 

GsClKP^) = 

proved in [8] and [23] as well. 
We recall the fibration 

p:F^ — > F^/Spin{9) = WP'^ 
and the induced exact sequence: 

(6.1) y^^^F^)Il^T,^(^^^)^^^_^(^Spin{9))^ ■■■ . 

By (6.1) and Lemma 4.2, we have 

(6.2) Ker Ak C Ga^IKP^). 

Let /k : ^ ICP^ be the inclusion map and : IKP^ — > S^^ the collapsing map. 
We recall 

7ri(§^) = a8,7ri(S'5) e£7ri_i(§^) 

and the relation 

(6.3) 0"Vi4 = xvia\Q for some odd x [45, (7.19)]. 
First, we show: 

Lemma 6.1 7r„(]Kp2) = /k^^tt^.^S^) ^ 7r„_i(S^) for n < 21 or n = 25, 27, 28 ; 
7r22(Kp2) = ^ Z4 and iKiEa')ai5 = 0; 

7r23(lKp2) ^ z © Zi2o{/k£/} e Zilkes} e Z2{iK(Ea')ei5} and iK{{Ea')ei5) = 

7r24(ICp2) = /k*{(£'o-')Mi5, ^80-15, ^eg} = (^2)^- 
There is the short exact sequence 

^ Z24 © Z2 ^ vr26(]Kp2) ^ Z24 ^ 
and TT26(^P^', 2) = Z64 © Z2 with a generator of ^54 given by P21 S {'k, o'Vi4, z^2i }i • 
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Proof. Although the result except for n = 24,25,27 is obtained by [29, Theorem 
7.2], we give a proof. By the homotopy exact sequence of a pair {W^, S^) and the 
Blakers-Massey theorem, the assertion for « < 2 1 is obtained. 

Let n < 28. Then, by [29, Proposition 7.1], the 2- and 3-primary components of 
7r„(KP^) are obtained by determining 7r„_i(y), where Y is the 28 -skeleton of the loop 
space Q(]KP2): 

Y = Ua'a,^+a' e^"^ with Ea' = [[ts, '-s], '-s]- 

Recall 7r2i(S'') = {a'au^K.^} = ^24 © ^4- So, the group 7r2i(F) = {/k^:?} = ^4 is 
obtained the homotopy exact sequence of a pair (F, S^). Hence, the group 7r22(]KP^) 
and the relation i^{Ea')a\5 = follows. 

Next, recall 7r22(S'') = {p" , a'Du-, cr'eu, e?} = Zuo © (^2)^- By the Blakers-Massey 
Theorem, 7r22(F, = Z and 7123(7, S^) ^ 7r23(S22)_ since (cjVm + a')?/2i = 
cr'(z/i4 +£14), we obtain the group 7r22(F) and the relation iM.{{Ea')e 15) = iK{{Ea')i>i5). 

By the parallel argument, we have the group 7r23(F). This leads to the assertion for 
n = 23,24. 

We also recall 7r24(S^) = {(SdO^^isAiie, i'sKh, /is, f]&p9^i&} — ■ By the Blakers- 
Massey Theorem, 7r24(7,§^) = 7r24(§^2). In view of the relations a\A,'r^,^ = Tyneij + 
i/^4,crV^4 = lyjaioujj = ryyeg (6.3), [45, Lemma 12.10], we obtain a'aur]\^ = 
EC,' + ??7e8 / [45, Theorem 12.6, (12.4)]. Hence, d : 7r24(F,S'^) ^ vr23(S') is a 
monomorphism. Since 7r25(y, S^) = vr25(S^^) and (cr' (T14 + a')v2i = 0^21 = 0, we 
obtain diTjiiY^S'') = 0. This leads to 7r25(]Kp2) ^ 7r24(S'^). 

Since 7r25+^.(y, S^) ^ 7r25+,t(S22) = for A: = 1,2, we get that /, : 7r26(S^) ^ ■KibiY) 
is an isomorphism. This leads to the assertion for n = 21 and completes the proof. 

Finally, by 7r27(S^^) = and {a'au + ol')vI^ = 0, [29, (7.6)] yields tt2?.{"^^) = 

7r27(§^). 

Because 7r26(S^^) = 0, 7r25(§^) = Z24 © Z2, 7r25(§2^) = Z24 and (cj'ctm + a')v2i = 
[29, (7.6)] lead to the short exact sequence 

^ Z24 © Z2 ^ vr26(IKp2) ^ Z24 ^ 0. 

Observe 8{/k,(£'o-')o-i5, 1/22} = -/k{(£'o"')o"i5, z^22, §''25} 5 -k(£cr'){cri5, ^^22, §''25} 9 
— /K(£'cr')Ci5 = ■^JkC8'7i9 (mod 8/iK*vr2g = 0) for some an odd integer x ([45, Lemma 
12.12]). Consequently, we derive that 8z>2i = JCikCsCig and the proof is complete. 

Since Trj{Spin{9)) ^ Z and 7r7(f4) = [29, p. 132, Table], (6.1) implies 
(6.4) Ak(/k) = ^ for a generator of TTj{Spin{9) . 
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For any element /3 € 7r,„(]ECP^) with ni > 8, we have 

[/K(£a),/3] = [/K,/3]o£"'a. 
In particular, for a € 7r^_i satisfying £"^0 = 0, we obtain 
(6.5) i^{Ea) G P„(]KP2). 

Now, we show: 

Theorem 6.2 (1) P,t(II^^) = fork = 9, 10, 12, 13, 14, 20; 

(2) Gii(IECp2) = Pii(]Kp2) = 87rii(IfCp2) ^ Z3; 

(3) 87ri5(]Kp2)CGi5(]Kp2); 

(4) /k*£{<t'??14} ^ Pl6(IKP2) ^ /K*£{fT'??l4,??7fT8}; 

(5) /K*£'{cr'7?j4} C PnCICP^) C /]K*£'{cr'?7f4,^'| + riiE^} = /K*£{cr'r/i4, T/yO-g} o 7/15 ; 

(6) 87ri8(IKp2) C Gi8(Kp2) C Py^{m>^) = /k*{i^8<tii, A(8)} = 

(7) i^,E{u,vy,} C Pi9(]fCp2) = i^,E{u,vy,} + SnigiKP^); 

(8) 27r2i(IKp2) C G2i(IKp2) c P2i(]Kp2) = ttiKICP^). 

Proof. Since 7ri.(]Kp2) ^ -Kk-iiS^) = for it = 12, 13, 20 by Lemma 6.1, the assertion 
for k = 12, 13,20 of (1) follows. 

By Lemma 6.1, 

= 'k['-8,%] = iK{Ea')7]i5 0, 

[k,ki^8] = iK.{Ea')vl^ = /ikJ^8C^11J^18 / 0. 
This leads to the assertion for ^ = 9, 10, 14 of (1). 

We recall tthCIKP^) = {m} ^ Z24. By [45, Proposition 3.1], aiO) A ai(3) = 
02(6)01 (13) = -qi(6)q2(9). Hence, by (3.2), 

a2(V)ai(14) = ai(7)a2(10) = 0. 

By the relation ib[t8,z^8] = 2(T81^i5 — {Ea')v\i and Lemma 6.1, tt(*['^8) J^sl) = 
Wk{Ecj')vx5) = 8 and/KU8,ai(8)] = ±/Ka2(8)ai(15) = 0. This implies Pi i(ICp2) = 
or Pii(IKp2) = {/Kai(8)} = Z3. On the other hand, by (6.4) and the fact that 
'Kw{Spin{9)) = Z8 [29, p. 132, Table], we obtain 

AK(/Kai(8)) = Zjai(7) = 
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and Gii(Kp2) d {/kOiCS)} ^ Z3. This leads to the equality Gii(]Kp2) = Pi^IKP^) = 
{/kq;i(8)} and (2) follows. 

We recall 

7ri5(]Kp2) = {(KiEa')] ^ Z120. 
By (6.4) and that 7ri4(Sp/?i(9)) = Zg Z2 [29, p. 132, Table], we obtain 

AK(ka2(8)) = 0. 
Hence, we obtain Gi5(IECP^) 3 iwo-ii^) and this leads to (3). 

We recall [45, Theorem 7.1, (7.4)] 7ri5(S') = {cr'r?i4, P7, e?}, where r/ycrg = a'-qu + 
1/7 + £7 . By Lemma 6. 1, 

7ri6(IKP^) = /k*£'{o-'?7i4, P7, £7}- 

By (6.5), iK{Ea')r]i5 € Pie{KP^). Next, by Lemma 6.1, [ki^s,*] = /iK(£'o-')j^i5 / 0, 
[/K£8,k] = /K(£''7')ei5«^?0 and Uk^ + ^8,*] = 0. Hence, by the relation 7770-8 = 
a'rjj + i>7 + £7 , we have (4). 

We recall 

vri6(S^) = {o-'??i4, ^^7 , ^7, Vi^s} = (.'^if- 
By (4) and Lemma 1.1, i^(E(a'r]l^) is cyclic. By Lemma 6.1, 

[*i^8>*] = /k(£'o-')j^i5 = k%e9 / 0, [/K^8,k] = iK(Ea')iii5 7^ 0, [kJ^I,*] = iKiEa') 

,^'|,/i7,7?7e8} = (^2)^*. 
This and Lemma 6.1 imply 

We have [^8, '-8] = {Ea')^ii5. By Lemma 6.1, iE.(Ea')fii5 ^ 0. So, /K/t^8 ^ PniKP'^). 
Moreover, by the relation cr'tyf^ = ujaioujj = rpe^ [45, Lemma 12.10], we obtain 
iK(£'cr')(r?i5ei6) = iKiEa'^uf^) / and i^iEa'Xuf^ + 7715) = and this leads to (5). 

We recall 7ri7(S') = {z^7(Tio, r?7^8, /3i(7)}. By Lemma 6.1, 

7ri8(Kp2) = iK,E{lJ^alo, ??7/^8, /3i(7)} ^ Z24 ^2- 

Since Trn{Spin{9)) ^ Zs (Z2)^ [29, p. 132, Table], Ak(/k/3i(8)) = Z7/3i(7) = and 
/k/3i(8) € Gi8(]Kp2). By (6.5), /KZ^8f^ii is cyclic. 

By Lemma 6.1 and the fact that 7r24(S') = {o-'r^n/iis, 7^7^10, /27, 777 /igcn} — (Z2)^,we 
see that [ik^/tig,*] = /k(£'o-')?/15/^16 7^ in 7r25(lKp2). Hence, /k??8/U9 ^ Pi8(IKP^) 
and this leads to (6). 
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Since 7r2o(IKp2) ^ vrigCS^) = and 'Ki9{Spin{9)) ^ 'Ki9{F^) ^ Z2 [29, p. 132, Table], 
we see that Ar : vrigCKP^) ^ 7r\g(Spin{9)) is a monomorphism. We recall 

We have [ig, ^g] = (SitOCis = -^CsCig for x odd [45, Lemma 12.12]. By Lemma 6.1 
for n = 27, we see that /RCCsCig) is of order 8. Since U9Vn = [1^9, 1'g] [45, (7.22)], 
JKt'si^ie is cyclic by (6.5) and this leads to (7). 

By Lemma 6.1 and the fact that vr2o(S') = {viaiQUn , ai(7)(3i(lO)} = Zg, we obtain 
7r2i(]Kp2) = /K4z.8(7ni/i8,ai(8)/5i(ll)} ^ Z^. By (6.4), 

AK(/Kai(8)/3i(ll)) = AK(/Kai(8))A(10) = 0. 

Hence, we obtain G2i(lKP^) ^ 27r2i(KP^). By (6) and Lemma 1.1, /K(i^8fiii^i8) is 
cyclic. This leads to (8) and completes the proof. 

At the end, write 

G['(FP") = Gk(¥P") n (/F,£7r^_i(§'^-1)). 
Notice that G"(FP") = if <i = 1, 2 and yt > J + 1 . We close the paper with: 

Question 6.3 What about G['(IHP")? 
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